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The relationship between the quasielastic excitation function and the capture cross section is 
derived. The quasielastic data is shown to be a useful tool to extract the capture cross sections and 
the angular momenta of the captured systems for the reactions ^^0+"'''^^''Sm,^°**Pb, ^°Ne+^°*Pb, 
and ^^S+^^'^^Zr at near and above the Coulomb barrier energies. 



I. INTRODUCTION 



o 

5_^ , The partial capture cross section is one of the important ingredients to calculate and predict the production cross 

rS i' sections of exotic and superheavy nuclei in the cold, hot, and sub-barrier astrophysical fusion reactions. Therefore, 
more experimental and theoretical studies of the capture process are required. There is a relationship between the 
capture and the quasielastic scattering processes because of the conservation of the reaction flux [l|, y] . Any loss from 
the quasielastic channel directly contributes to the capture and vise versa. The quasielastic measurements are usually 
not as complex as the direct capture (fusion) measurements. Thus, the quasielastic data are suited for the extraction 
of the capture probabilities and of the capture cross sections. 

The paper is organized in the following way. In Sec. II we derive the formulas for the extraction of the capture cross 

section and of the angular momentum of the captured system by employing the experimental quasielastic excitation 

' fj ' function. In Sec. Ill, using these formulas, we extract the capture cross sections and the angular momenta of the 

^ ' captured systems and compare with those of direct measurements. Using the available experimental quasielasic data, 

^ ' we predict the capture cross sections for the cold fusion reactions. In Sec. IV the paper is summarized. 

(N . 

!>: ; II. RELATIONSHIP BETWEEN CAPTURE AND QUASIELASTIC SCATTERING 

C^ , The expression 

^ ■ -Pge(^c.m., J) + -Pcap(^c.m., J) = 1 (1) 

^^ ' connecting the quasielastic (reflection) Pge and the capture (transmission) Pcap probabilities follows from the conser- 
C^ ^ vation of the reaction flux 1,2]. Thus, one can extract the capture probability Pcap{Ec.m., J = 0) at J = from the 
experimental quasielastic probability PqeiEc.m., J — 0): 



Pcap{Ec.,u.,J = 0) = 1 - Pge{E,,,-n., J = 0) = 1 - dage{E,,n,.)/daRu{Ec.n..)- (2) 

Here, the quasielastic probability [l|, y-Q 

Pqe{Ec.m.,J = 0) = dcFqe/daRu (3) 

for angular momentum J = is given by the ratio of the quasielastic differential cross section and Rutherford 
differential cross section at 180 degrees. Further, one can approximate the J dependence of the capture probability 
Pcap{Ec.m.,J) at a given energy Ec.m. by shifting the energy [i|: 






^cap[l^c.ni.i ^ ) ~ -'cap v-^c.m. ^ r?2 ' '' -'ijei-^c.m. ^ d2 ' — /' v^/ 



where A = J(J + 1), Ri, = Rb{J = 0) is the position of the Coulomb barrier at J = 0. Then, we extract the capture 
cross section crcap{Ec.m.) from the experimental quasielastic probabilities Pqe'. 



./„■ ./c. .2 , 



TcapiEc.m.) = ^ CTcap(^c.m. , J) = TtA^ ^(2 J + 1)[1 - Pqe{Ec.n,. - ^^-^ , J = 0)], (5) 

J=0 J=0 



2fiRl 



where A = fi.^/(2^£'c.m.) is the reduced de Broglie wavelength, /i = moAiA2/{Ai + A2) is the reduced mass (toq 
is the nucleon mass), and at given bombarding energy ii^c.m. the summation is over the possible values of angular 
momentum J from J = to the critical angular momentum J — Jcr- For values J greater than Jcr, the potential 
pocket in the nucleus-nucleus interaction potential vanishes and the capture is not occur. To calculate the critical 
angular momentum Jcr and the position R^ of the Coulomb barrier, we use the nucleus-nucleus interaction potential 
V{R^J) of Ref. [7|- For the nuclear part of the nucleus-nucleus potential, the double-folding formalism with the 
Skyrme-type density-dependent effective nucleon- nucleon interaction is employed \C\ ■ 

If one sets Rb{J) ~ Rb in Eq. (5) for approximating the J- wave penetrability by the s-wave penetrability at a 
shifted energy, one obtains only the leading term in the series expansion in A. The next term in this expansion 
can be easily calculated in the same way as in Ref. [6| [Rb{J) ~ Rb T^j Vb{J) oi Vb + ^ ^1 + y^^j^^, a — 

—d^V{R, J = 0)/dR^\ii=u^ = /xw^, ujb — ^b{J = 0) is the curvature of the s-wave potential barrier with the height 
Vb = Vb{J = 0) = V{R = Rb,J = 0)]: 

PcapiE^.m., J) « PcapiE,.n. " ^^ " 2^2^^6 ' ^ = O)" (6) 

With this improved expression for the Pcap, we obtain 

,7=0 



,(i^c.m.) = vrA^ ^(2J+ 1)[1 - P,.(i?c.m. - x-^, J = 0)][1 - -^-THl]- (7) 



Converting the sum over J into an integral and changing variables to E' = Ec.m. — , r,i in Eq. (7), we obtain the 
following simple expression: 



^capy-t^c.m.) = 77-^ / , ^^[1 ~ d(Tqe{E) / d(THuiE)][l ^^^^ 

Ec.m. Jb,,„ „i£Acf fiuj^R, 



(^c.m.) = 1^ / ^^^ dE[l ~ dagciE)/daR^{E)][l - ' "",^, ^ ], (8) 



which relates the capture cross section with quasielastic excitation function. Note that A is not a small parameter 

_afA 



there is a natural cutoff Acr = Jcr{Jcr + 1) in this parameter. Because of this cutoff, the second term j^-^ in Eq. (6) 



is always larger than the third one % ng H. By using the experimental quasielastic probabilities PqeiEc.m., J — 0) 

and Eq. (8) one can obtain the capture cross sections. 

For the systems with Zi x Z2 < 2000, the critical angular momentum Jcr is large enough and Eqs. (7) and (8) can 
be approximated with a good accuracy as: 



^ cap 



fc2A 9?72A 

{Ec.m.)^7:X^Y.^2J+l)[l^P,c{Ec.m.---2.J = mi-^r^j^] (9) 



J=0 



and 



cTcapiEc..^) ~ ^ I '■'"■ dE[l - da,c{E)/dcjRu{E)][l - ^^^""" ^^^ l- (10) 

^c.m. Jo f^^b^b 

Following the procedure of Ref. [2] and using the extracted acap and the experimental Pqe , one can find the average 
angular momentum 

< J >= ^^—^ r'^ , dE[l da,c{E)/danu{E)][l - ^^^^•'"- " ^^^ 



J-, f Tj^ \ I 1 ^j^i^i ^^ qe y.L^ ^ ^^ nu \--^ J ii-^ 2 d2 

-C/c.m.O'capi-C'c.m.j J £c . m . - "; .'I'j' f^'^b^b 

'l^^b r F p^ I lu/2 1 



x[(^(£;c.„..-i?) + i)^/^-i] (11) 



and the second moment of the angular momentum 



<j(j + i)>= ,,^ ^^^^^^ , r^" , d£;[i-rfa,,(i?)/dafi„(£;)][i ^^^^■'"- ^) 



K^Ec.m.acapiEc.m.) Je,.„,.-^^ "" '^ "'"'^"^ n—^'^y / n- ^iUJ^Rl 

[Ec.m. - E] (12) 



of the captured system. 
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FIG. 1: The extracted capture cross sections for the reactions ^^O + '^^"Sn (a) and ^*0 + ^^'*Sn (b) by employing Eq. (8) (solid 
line) and Eq. (10) (dotted line). These lines are almost coincide. The used experimental quasielastic data are from Ref. [3]. 
The experimental capture (fusion) data (symbols) are from Refs. @, |y|. 



III. RESULTS OF CALCULATIONS 



For the verification of our method of the extraction of acap, firstly we compare the extracted capture cross sections 
with experimental one. In Figs. 1 and 2 one can see a good agreement between the extracted and directly measured 
capture cross sections for the reactions ^^O + ^^°Sn, ^*0 + ^^^Sn, ^®0 + ^"^Pb, and ^^O + ^''^Sm at energies above 
the Coulomb barrier. The results on the sub-barrier energy region are discussed later on. To extract the capture cross 
section, we use both Eq. (8) (solid lines) and Eq. (10) (dotted lines). The used values of critical angular momentum 
are Jcr-=54, 56, 57, and 62 for the reactions ^^^O + ^^OSn, ^^o + ^"^^Sn, ^^O + I'^^Sm, and ^^O + ^o^Pb, respectively. 
The difference between the results of Eqs. (8) and (10) is less than 5% at the highest energies. At low energies, Eqs. (8) 



and (10) lead to the same values of acap- The factor 1 



4(gc 



in Eqs. (8) and (10) very weakly influences the 



/^ M^t -Kb 

results of the calculations for the systems and energies considered. Hence, one can say that for the relatively light 
systems the proposed method of extracting the capture cross section is model independent (particular, independent 
on the potential used). 

One can see that the used formulas are suitable not only for almost spherical nuclei (Figs. 1 and 2), but also for the 
reactions with strongly deformed target- or projectile- nucleus (Figs. 3 and 4). The deformation effect is effectively 
contained in the experimental Pqe- Jcr = 58, 68, 74, and 76 for the reactions ^^O-h^^'^Sm, ^^S+^°Zt, ^^S+^^Zt, and 
^'^Ne-|-^''^Pb, respectively. The results obtained by employing the formula (10) are almost the same and not presented 
in Figs. 3 and 4. 

For the reactions ^^0-l-^^"'Sm and ■^^S-l-^^Zr, the extracted capture cross sections are shifted in energy by 1.7 and 1.9 
MeV, respectively, with respect to the measured capture data. This could be the result of different energy calibrations 
in the experiments on the capture measurement and on the quasielastic scattering. Because of the lack of systematics 
in these energy shifts, their origin remains unclear and we adjust the Coulomb barriers in the extracted capture cross 
sections to the values following the experiments. 

Note that the extracted and experimental capture cross sections deviate from each other in the reactions ^^O-t-^^^Pb, 
^^0-(-^'*'*Sm, and ■^^S-|-^°Zr at energies below the Coulomb barrier. Probably this deviation is a reason for the 
large discrepancies in the diffuseness parameter extracted from the analyses of the quasielastic scattering and fusion 
(capture) at deep sub-barrier energies. One of the possible reasons for the overestimation of the capture cross section 
from the quasielastic data at sub-barrier energies is the underestimation of the total reaction differential cross section 
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FIG. 2: The same as in Fig. 1, but for the reactions ^^0 + ^''*Pb(a),^^^Sni(b). The used experimental quasielastic data are 
from Refs. [3, |j|. F or the ^ O + Pb reaction, the experimental capture (fusion) data are from Refs. [10] (open squares), [III] 
(open circles), [12] (closed stars), and [I3] (closed triangles). For the ^^O + ^**Sm reaction, the experimental capture (fusion) 
data are from Refs. [Ij] (closed squares) and [3] (open squares). 
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FIG. 3: The same as in Fig. 1, but for the reactions ^°Ne + ^''^Pb and ^^O + ^^"^Sm. The used experimental quasielastic data 
are from Refs. 3, 16]. The experimental capture (fusion) data (symbols) are from Refs. [l5l.[l6l]. For the O + "^ Sm reaction, 
the dashed line is obtained from the shift of the solid line by 1.7 MeV higher energies. 
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FIG. 4: The same as in Fig. 1, but for the reactions ^^S + ®°Zr (a) and ^^S + "^Zr (b). For the ^^S+'"'Zr reaction, we show the 
extracted capture cross sections, increasing the experimental Pqe by 1% (dashed hne), 2% (dotted hue), and 3% (dash-dotted 
hne). The used experimental quasielastic data are from Ref. \u^ . The experimental capture (fusion) data (symbols) are from 
Ref. [Ig]- For the ^^S + ®®Zr reaction, the energy scale for the extracted capture cross sections is adjusted to that of direct 
measurements. 



taken as the Rutherford differential cross section. Indeed, for the ^ S+ Zr reaction, the increase of Pqe within 2-3% 
is in order to obtain the agreement between the extracted and measured capture cross sections at the sub-barrier 
energies [Fig. 4(a)]. 

One can use Eq. (8) and available experimental quasielasic data [19] to predict the capture cross sections for the 
reactions ^^Ti,^'^CT:,'^^Yef''^m™Zn + ^o^pb, using Jcr = 78, 74, 58, 51, 31, respectively. The extracted capture cross 
sections (Jcap (^-c.m.) as a function of -Ec.m. are presented in Fig. 5 (a). The formulas (8) and (10) give almost the 
same capture cross sections for reactions "'^Tij^^Cr -f ^'^^Pb at energies under consideration. Thus, for these systems, 
the values of Jcr are relatively large and the account of Jcr does not affect the results. However, for heavier systems 
with smaller J^r (the smaller potential pockets in the nucleus-nucleus interaction potentials), the deviation between 
the results obtained with Eqs. (8) and (10) increases strongly with the factor Zi x Z2. The (Jcapi calculated with the 
finite value of critical angular momentum, decreases with increasing Coulomb repulsion in the system. One can try to 
check experimentally these predictions of (Jcap{Ec.ra.) by the direct measurement of the capture cross sections. Note 
that the values of the extracted capture cross sections for the '*^Ti + ^''^Pb system are close to those found in the 



experiments ^'^Ti 



208t 



Pb ^m^. However, for the ^"^m 



208 



Pb system, there are strong deviations in the energy 



between the extracted and experimental 22] capture cross sections. 

By using the extracted (Jcap{Ec.xa) and the sharp-cutoff approximation, one can deternrine the maximal angular 
momentum Jmax in the captured system as a function of the bombarding energies: 



Jmax = [^^J^Ec.m.Crcap{Ec.m.) / {T^h^)]^/"^ - 1. 



(13) 



208pb, the small 
nax by the factor 



The extracted Jmax for the cold fusion reactions are shown in Fig. 5(b). For the system ^'^Zn -|- 
depth of the potential pocket in the nucleus-nucleus interaction potential leads to the decrease of J, 
about of 2.4 at highest energy considered (about of 17 MeV above the Coulomb barrier). 

In the reactions with weakly bound nuclei one can extract the capture cross section by employing the conservation 
of the reaction flux 1,, 23"25] 

Pcap{Ec.n..,J - 0) - 1 - [Pqe{Ec,n.,J - 0) + PBu{Ec.n..,J - 0)] (14) 

and the measured probabilities of the quasielastic scattering {Pqe{Ec.-m., J = 0) = daqe/dauu) and of the breakup 
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FIG. 5: (a) The extracted capture cross sections employing Eq. (8) (solid line) and Eq. (10) (dotted line) for the reactions 
48-pj^54(-,j. 56pg^64j^j 702jj _|_ 208p^ rpj^^ ^^^^ experimental quasielastic data are from Ref. ^. (b) The extracted values of 
the maximal angular momenta vs. energy for the above mentioned reactions. The solid and dotted lines show the results of 
calculations of Jmax by using the extracted capture cross sections calculated with Eqs. (8) and (10), respectively. 



{Pbu (Ecm., J = 0) = daBu/d<TRu) which are defined as the differential cross sections ratios between quasielastic 
scattering, breakup reaction and the Rutherford scattering at backward angle. As seen in Fig. 6, the extracted 
capture cross sections UcapiEcm.) (solid line) for the ^Li+^^^Pb reaction are rather close to those found in the direct 
measurements [2a] at energies above the Coulomb barrier. It looks that at energies near and below the Coulomb 
barrier the extracted (Jcap{Ec.m.) deviates from the direct measurements. It is similarly possible to calculate the 
capture excitation function 



noBU 
cap 



{Ec.m.) 






-Be, 



dEP:"^{E,J^Q)[l 



i{E, 



E), 



f^^Ri 



(15) 



in the absence of the breakup process (Fig. 6, dotted line) by using the following formula for the capture probability 
in this case [291 : 



pnBU 
cap 



{E,,^,,J^0) = 1 



Pqc{Ec.m.,J = 0) 
l-PBu{Ec.u..,J^Oy 



(16) 



By employing the measured excitation functions Pq^ and Pbu at backward angle 24], Eqs. (8), (15), and the formula 

^capx^c.m. ) 



< Pbu > (^c.m.) = 1 



„noBU ( p V 

"-"cap yj^c.mj 



(17) 



we extract the mean breakup probability < Pbu > (-E'en!.) averaged over all partial waves J (Fig. 7). The value of 
< Pbu > has a maximum at Ec.m.—Vb « 4 MeV (< Pbu >=0.26) and slightly (sharply) decreases with increasing (de- 
creasing) Ec.m.. The experimental breakup excitation function at backward angle has the similar energy behavior [2J]. 
By comparing the calculated capture cross sections in the absence of breakup and experimental capture (complete 
fusion) data, the opposite energy trend is found in Ref. [25], where < Pbu > has a minimum at ii^c.m. — VJ, w 2 MeV 
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FIG. 6: (Colour online) The extracted capture cross sections (7cap(-Bc.m.) (solid line) and o'"°„ (-Ec.m ) (dotted line) for the 
^Li+^^^Pb reaction. The used experimental quasielastic and quasielastic plus breakup data are from Ref. [241 ]. The experimental 
capture cross sections (solid squares) are from Refs. [2a ]. The energy scale for the extracted capture cross sections is adjusted 
to that of direct measurements. 
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FIG. 7: The extracted mean breakup probability < Pbu > (Ec.m.) [Eq. (14)] as a function of bombarding energy -Bc.m. for 
the ^Li+^°*Pb reaction. The used experimental quasielastic and quasielastic plus breakup data are from Ref. [2J]. 



(< Pbu >=0.34) and globally increases in both sides from this minimum. It is also shown in Refs. [2^ |23] that 
there are no systematic trends of breakup in the complete fusion reactions with the light projectiles ^Be, ^'"^'^Li, and 
®'*He at near-barrier energies. Thus, by employing the experimental quasielastic backscattering, one can obtain the 
additional information about the breakup process. By using the Eqs. (11) and (12) and experimental Pqe, we extract 
< J > and < J^ > of the captured system for the reactions -'^^O + -'^^'^Sm and ^^O + ^°*Pb, respectively (Fig. 8). 
The agreements with the results of direct measurements of the 7— multiplicities in the corresponding complete fusion 
reactions are quite good. For the ^^O + ^°*Pb reaction at sub-barrier energies, the difference between the extracted 
and experimental angular momenta is related with the deviation of the extracted capture excitation function from 
the experimental one (see Fig. 2). In Fig. 9 we present the predictions of < J > for the reactions ^^O -I- ^^°Sn and 
32s + 96Zr. 
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FIG. 8: The extracted < J > and < J^ > for the reactions ^'^O + ^°*Pb (a) and ^^O + ^^^Sm (b) by employing Eqs. (11) 
and (12). The used experimental quasielastic data are from Ref. [J]. The experimental data of < J^ > and < J > are from 
Refs. [28(] (open squares) and [29l . 1301 ] (open squares and circles) , respectively. 
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FIG. 9: The extracted < J > for the reactions ^^S + ^''Zr (a) and ^^O + ^^"Sn (b) by employing Eq. (11). The used 
experimental quasielastic data are from Refs. [a. [TtI]. 



IV. SUMMARY 

We realized that the found relationship between the quasielastic excitation function and capture cross sections is 
working well, and the quasielastic technique could be an important and simple tool in the study of the capture (fusion) 
research, especially, in the cold and hot fusion reactions and in the breakup reactions at energies near and above the 
Coulomb barrier. Employing the quasielastic data, one can also extract the moments of the angular momentum of 
the captured system. 
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